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Abstract
In this paper an extension of the existing fuzzy number, called integrable noncompact fuzzy number, is proposed. The
representation theorems of integrable noncompact fuzzy number by intervals and functions are also presented. All the integrable
noncompact fuzzy numbers form an integrable noncompact fuzzy number space Eˆ that makes the existing fuzzy number space
E1 as its subspace. With a metric d1, (Eˆ, d1) is proven to be complete and separable and is the completed space of E1 with
respect to the metric d1. It is also proven that Eˆ can be embedded into a concrete Banach space L(0, 1]× L(0, 1] isometrically and
isomorphically.
c© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction
As is well known, the concept of fuzzy number plays the most fundamental role in the theory of fuzzy analysis,
i.e., almost every research topic is developed based on this definition, thus a deep investigation into the structure of
fuzzy number space is clearly important and meaningful. The early study on the structure of fuzzy number space can
be found in [1–4]. In [2–4] the properties of fuzzy number space E1 were studied in detail and E1 was embedded
into a concrete Banach space C¯[0, 1] × C¯[0, 1]. Here C¯[0, 1] is the collection of functions on [0, 1] which is left
continuous, has right limit for x ∈ (0, 1] and is right continuous at x = 0. Thus they proposed a convenient tool for
the deep research of fuzzy analysis. However, it is well known that E1 is complete but not separable with respect
to the Hausdorff metric dH and is separable but not complete with respect to the metric dp [5]. This may limit the
further development and application of fuzzy analysis. For example, the concept of fuzzy number was proposed under
the background of probabilistic distributive functions [6]. But probabilistic distributive functions with unbounded
support set cannot be brought into the framework of fuzzy number space. On the other hand, the well-known Gaussian
membership function in fuzzy control theory is not a fuzzy number. In [7] the concept of noncompact fuzzy number
was introduced and it was proven that the noncompact fuzzy number space E˜ can be embedded into a Frechet space
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but not a Banach space. Thus the properties of E˜ are not very satisfactory for further research and applications. To
obtain a reasonable extension of E1 with good properties, we consider a subset of E˜ , called integrable noncompact
fuzzy number space, denoted as Eˆ , in which every element is integrable as a function on the real number line. With
a suitable metric, it is proven that Eˆ is complete and separable, and can be embedded into a concrete Banach space.
Thus Eˆ is the reasonable extension of E1. This paper is organized as follows. In Section 2 we propose the definition
of integrable noncompact fuzzy number space Eˆ and compare it with E1 and E˜ , we also present the representation
theorems by intervals and functions. In Section 3 we prove that Eˆ is complete and separable with a certain metric and
can be embedded into a concrete Banach space.
2. Integrable noncompact fuzzy number and its representation theorems
In this section, we first recall the definitions of fuzzy number and noncompact fuzzy number [2–4,7], then
we introduce a new kind of noncompact fuzzy number, i.e. the integrable noncompact fuzzy number. Finally, we
present the intervals representation theorem and functional representation theorem of the integrable noncompact fuzzy
number.
Suppose F(R) is the set of all fuzzy subsets of R, u ∈ F(R). We consider the following conditions:
(a) u is a normal fuzzy set, i.e. there exists x0 ∈ R, such that u(x0) = 1;
(b) u is a convex fuzzy set, i.e. u[t x + (1− t)y] ≥ min{u(x), u(y)}, x, y ∈ R, t ∈ [0, 1];
(c) u is upper semicontinuous;
(d) [u]0 = ∪r∈(0,1][u]r is compact, i.e., it is bounded and closed;
(e) [u]r is bounded, r ∈ (0, 1];
(f)
∫ +∞
−∞ u(x)dx exists.
Definition 2.1 ([2]). Suppose u ∈ F(R) and u satisfies (a), (b), (c) and (d), then u is called a fuzzy number. The
collection of all the fuzzy numbers is denoted as E1.
Theorem 2.2 ([7]). Suppose u ∈ F(R) and u satisfies (a), (b), (c) and (e), then u is called a noncompact fuzzy
number. The collection of all the noncompact fuzzy numbers is denoted as E˜.
Theorem 2.3. Suppose u ∈ F(R) and u satisfies (a), (b), (c) and (f), then u is called an integrable noncompact fuzzy
number. The collection of all the integrable noncompact fuzzy numbers is denoted as Eˆ.
Clearly we have E1 ⊂ Eˆ ⊂ E˜ .
The following theorem shows that the existence of the general integral of u(x) is equivalent to that of its endpoint
functions on (0, 1].
Theorem 2.4. Let u ∈ Eˆ , [u]r = [uL(r), uR(r)], here uL(r), uR(r) are the left endpoint and right endpoint of [u]r
respectively. Then uL(r), uR(r) can be viewed as functions on (0, 1], and
∫ +∞
−∞ u(x)dx =
∫ 1
0 uR(r)dr −
∫ 1
0 uL(r)dr .
Proof. First we suppose [u]0 is bounded and cut [0, 1] as: 0 = α1 < α2 < · · · < αn = 1. Then∫ 1
0
[uR(α)− uL(α)]dα =
∫ 1
0
m({x : u(x) ≥ α})dα =
∫ 1
0
m([u]α)dα
where m is the Lebesgue measure.
Now for u(x) we only consider [u]0. Let E = [u]0 =⋃n−1i=1 {x : αi ≤ u(x) < αi+1}⋃{x : u(x) = αn}, then∫ +∞
−∞
u(x)dx =
∫
E
u(x)dx =
n−1∑
i=1
∫
Ei
u(x)dx +
∫
En
u(x)dx
where Ei = {x : αi ≤ u(x) < αi+1} for 1 ≤ i ≤ n − 1, and En = {x : u(x) = αn}.
Let m(αi ) = m({x : u(x) ≥ αi }), then we have
n−1∑
i=1
αimEi + αnmEn =
n−1∑
i=1
αi [m(αi )− m(αi+1)] + αnmEn =
n−1∑
i=1
m(αi+1)(αi+1 − αi )
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and
n−1∑
i=1
αi+1mEi + αnmEn =
n−1∑
i=1
αi+1[m(αi )− m(αi+1)] + αnmEn =
n−1∑
i=1
m(αi )(αi+1 − αi ).
Since
∑n−1
i=1 αimEi + αnmEn ≤
∑n−1
i=1
∫
Ei
u(x)dx + ∫En u(x)dx ≤∑n−1i=1 αi+1mEi + αnmEn , that is
n−1∑
i=1
m(αi+1)(αi+1 − αi ) ≤
∫ +∞
−∞
u(x)dx ≤
n−1∑
i=1
m(αi )(αi+1 − αi ).
Thus when n →∞, we have ∫ +∞−∞ u(x)dx = ∫ 10 m({x : u(x) ≥ α})dα = ∫ 10 [uR(α)− uL(α)]dα.
For ∀u ∈ Eˆ , we may suppose u(0) = 1, let
u(n)(x) =
{
u(x), x ∈ [0, n]
0, others
then u(1)(x) ≤ u(2)(x) ≤ · · · ≤ u(x), and limn→∞ u(n)R (α) = uR(α) a.e.
From the above proof, it follows that
∫ 1
0 u
(n)
R (α)dα =
∫ n
0 u
(n)(x)dx = ∫ n0 u(x)dx . When n → ∞, ∫ 10 uR(α)dα =∫ +∞
0 u(x)dx . Similarly, we have
∫ 1
0 uL(α)dα = −
∫ 0
−∞ u(x)dx .
Since
∫ 1
0 uR(α)dα, −
∫ 1
0 uL(α)dα are not negative, we have∫ +∞
−∞
u(x)dx =
∫ 1
0
uR(α)dα −
∫ 1
0
uL(α)dα.
The proof is complete. 
Let f (x) be the measurable function on E , denote by L(E) the collection of functions on E satisfying
∫
E | f |dx <∞, then it is well known that (L(E), ‖ f ‖) is a Banach space when ‖ f ‖ = ∫E | f |dx , here any two elements in L(E)
are equal iff they are equal a.e. as functions. In the following we present the representation theorems by intervals and
functions for the integrable noncompact fuzzy numbers.
Theorem 2.5. Let u ∈ Eˆ , then:
(1) For any α ∈ (0, 1], [u]α is a nonempty bounded closed interval;
(2) If 0 < α1 ≤ α2 ≤ 1, then [u]α2 ⊆ [u]α1 ;
(3) If αn > 0, αn → α and αn < α, then⋂∞n=1[u]αn = [u]α;
(4) Let Fα = [uL(α), uR(α)], then Fα is an integrable set-valued mapping and∫ 1
0
Fαdα =
[∫ 1
0
uL(α)dα,
∫ 1
0
uR(α)dα
]
.
Conversely, for any α ∈ (0, 1], there exists Aα ⊂ R satisfying the above conditions (1)–(4), there exists a unique
integrable noncompact fuzzy number u ∈ Eˆ such that [u]α = Aα, α ∈ (0, 1].
Proof. By u ∈ Eˆ , it is easy to prove that (1)–(3) hold. We only prove (4).
Suppose x ∈ ∫ 10 Fαdα, then ∃ f ∈ SFα (where SFα is the set of all the measurable selections), such that
x = ∫ 10 f (α)dα, then uL(α) ≤ f (α) ≤ uR(α) a.e., thus we have∫ 1
0
uL(α)dα ≤
∫ 1
0
f (α)dα ≤
∫ 1
0
uR(α)dα
which implies x ∈ [∫ 10 uL(α)dα, ∫ 10 uR(α)dα].
Hence
∫ 1
0 Fαdα ⊆ [
∫ 1
0 uL(α)dα,
∫ 1
0 uR(α)dα].
Conversely, we firstly prove
∫ 1
0 Fαdα is convex.
Let x ∈ ∫ 10 Fαdα, f ∈ SFα , x = ∫ 10 f (α)dα, uL(α) ≤ f (α) ≤ uR(α),
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y ∈ ∫ 10 Fαdα, g ∈ SFα , y = ∫ 10 g(α)dα, uL(α) ≤ g(α) ≤ uR(α), then λuL(α) ≤ λ f (α) ≤ λuR(α),
(1 − λ)uL(α) ≤ (1 − λ)g(α) ≤ (1 − λ)uR(α), therefore, uL(α) ≤ λ f (α) + (1 − λ)g(α) ≤ uR(α), i.e. λx +
(1 − λ)y ∈ ∫ 10 Fαdα. Since uL(α) ∈ SFα , uR(α) ∈ SFα , ∫ 10 uL(α)dα ∈ ∫ 10 Fαdα, ∫ 10 uR(α)dα ∈ ∫ 10 Fαdα, we have
[∫ 10 uL(α)dα, ∫ 10 uR(α)dα] ⊆ ∫ 10 Fαdα. Hence u satisfies (1)–(4).
Conversely, let u(x) = sup{α : x ∈ Aα}. We firstly prove [u]α = Aα, α ∈ (0, 1]. For any x ∈ Aα , by the definition
of u, we have x ∈ [u]α , i.e., [A]α ⊆ [u]α .
On the other hand, for any x ∈ [u]α , it follows that α ≤ sup{t : x ∈ At }, hence there exists {αn} converging
nondecreasingly to α, such that x ∈ Aαn (n = 1, 2, . . . , ). Then by (3), it follows that x ∈ ⋂∞n=1 Aαn = Aα ,
i.e., [u]α ⊆ Aα . Hence we have that when α ∈ (0, 1], [u]α = Aα . By (1)–(3) it is clear that u satisfies conditions (a),
(b) and (c). By (4) and Theorem 2.4 we have that u satisfies condition (f). Hence u ∈ Eˆ holds. 
By Theorems 2.4 and 2.5 we can prove the following theorem.
Theorem 2.6. Let u ∈ Eˆ , [u]r = [uL(r), uR(r)], r ∈ (0, 1], then uL(r), uR(r) can be viewed as functions on (0, 1],
which satisfy:
(1) uL(r) is nondecreasing and left continuous;
(2) uR(r) is nonincreasing and left continuous;
(3) uL(r) ≤ uR(r);
(4) uL(r), uR(r) ∈ L(0, 1].
Conversely, for any functions a(r), b(r) defined on (0, 1] which satisfy (1)–(4), there exists a unique u ∈ Eˆ such
that [u]r = [a(r), b(r)], r ∈ (0, 1].
3. On the embedding of Eˆ
In this section, firstly we introduce a metric d1 on Eˆ . Secondly, we prove that (E1, d1) is both complete and
separable. We also prove (E1, d1) is the completed space of (E1, d1). Thirdly, we prove that (E1, d1) can be
embedded into a Banach space isometrically and isomorphically.
For u, v ∈ E1, if we define dH (u, v) = supα∈[0,1]max{|uL(α) − vL(α)|, |uR(α) − vR(α)|}, then (E1, dH ) is
completed but not separable. If we define dp(u, v) = (
∫ 1
0 (max{|uL(α) − vL(α)|, |uR(α) − vR(α)|})pdα)
1
p , then
(E1, dp) is separable but not completed. These results are well known in the theory of fuzzy analysis [5]. In the
following we introduce a metric in Eˆ .
Definition 3.1. For any u, v ∈ Eˆ , we denote
d1(u, v) = max
{∫ 1
0
|uL(α)− vL(α)|dα,
∫ 1
0
|uR(α)− vR(α)|dα
}
d(u, v) =
∫ 1
0
max {|uL(α)− vL(α)|, |uR(α)− vR(α)|} dα.
Clearly, d(u, v) is the extension of dp from E1 to Eˆ when p = 1.
Lemma 3.2. d1(u, v) and d(u, v) are equivalent metrics on Eˆ.
Proof. It is obvious that d1(u, v) and d(u, v) are metrics on Eˆ . For any u, v ∈ Eˆ , by
|uL(α)− vL(α)| ≤ max{|uL(α)− vL(α)|, |uR(α)− vR(α)|}
and
|uR(α)− vR(α)| ≤ max{|uL(α)− vL(α)|, |uR(α)− vR(α)|}
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we have d1(u, v) ≤ d(u, v). By
d1(u, v) ≤ d(u, v) ≤
∫ 1
0
(|uL(α)− vL(α)| + |uR(α)− vR(α)|)dα
≤
∫ 1
0
|uL(α)− vL(α)|dα +
∫ 1
0
|uR(α)− vR(α)|dα ≤ 2d1(u, v)
we have that d1(u, v) and d(u, v) are equivalent. 
Theorem 3.3 ([5]). Let ε[a, b] be the set of fuzzy numbers on [a, b], if {un} is a Cauchy sequence on (ε[a, b], d1),
then there exists a u ∈ ε[a, b], such that d1(un, u) → 0.
Theorem 3.4. If un is a Cauchy sequence in (Eˆ, d1), let
umn (x) =
{
un(x), x ∈ [−m,m]
0, others
where m > 0, then {umn } is also a Cauchy sequence in (Eˆ, d1).
Proof. Let u j , uk ∈ un , then by d1(u(m)j , u(m)k ) ≤ d1(u j , uk), the lemma holds. 
Theorem 3.5. (Eˆ, d1) is a complete metric space.
Proof. Let {un} be a Cauchy sequence on Eˆ ,
umn (x) =
{
un(x), x ∈ [−m,m]
0, others
by Theorem 3.4, {umn } is also a Cauchy sequence in (Eˆ, d1). Since {umn } ∈ ε[−m,m] then by Lemma 3.2 and
Theorem 3.3, in the sense of d1, ∃um ∈ ε[−m.m], such that umn → um (when n →∞).
Since umn ≤ um′n , um′n = umn hold on [−m,m] when m′ ≥ m, we have that um ≤ um′ and um′ = um hold on
[−m,m] when m′ ≥ m.
By the definition of umn , it follows that for ∀m > 0, umn (x) ≤ un(x). And since {un} ⊂ Eˆ is a Cauchy sequence, we
have that both {∫ 10 (un)L(α)dx} and {∫ 10 (un)R(α)dx} are bounded, then by Theorem 2.4 we have that {∫ +∞−∞ un(x)dx}
is bounded, i.e., ∃M > 0, such that ∫ +∞−∞ un(x)dx ≤ M . Hence ∫ +∞−∞ umn (x)dx ≤ ∫ +∞−∞ un(x)dx ≤ M .
Since umn is a Cauchy sequence, when n →∞, umn → um , hence we have that
∫ +∞
−∞ u
m(x)dx ≤ M .
Now let u(x) = supm>0um(x), then by the properties of um , we have that u = um on [−m,m], and
∫ +∞
−∞ u(x)dx =∫ +∞
−∞ supm>0u
m(x)dx = supm>0
∫ +∞
−∞ u
m(x)dx ≤ M , hence u ∈ Eˆ .
Since {un} converges to u on [−m,m] in the sense of d1, we have that {un} converges to u in the sense of d1. The
proof is complete. 
Theorem 3.6. (Eˆ, d1) is the completed space of (E1, d1).
Proof. By Theorem 3.5 and (E1, d1) ⊂ (Eˆ, d1), we know every Cauchy sequence in (E1, d1) converges to an element
in (Eˆ, d1). We only need to prove that E1 is the dense subspace of Eˆ . Let
un(x) =
{
u(x), x ∈ [−n, n]
0, others
where u ∈ Eˆ , then d1(u, un) → 0, n → ∞. Hence E1 is dense in Eˆ , that is every element in (Eˆ, d1) is a limit of a
sequence of (E1, d1). The proof is complete. 
Theorem 3.7. (Eˆ, d1) is a separable metric space.
Proof. Since (E1, d1)is separable, by Lemma 3.2 we have that (E1, d1) is separable, then by Theorem 3.6, the proof
is complete. 
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Definition 3.8. Let u, v ∈ Eˆ , we define addition and scalar multiply as the following:
(u + v)(x) = sups+t=x min{u(s), v(t)}
(ku)(x) = u
( x
k
)
, k 6= 0
(0u)(x) =
{
1, x = 0
0, x 6= 0.
Similarly to the corresponding results of E1 in [2], we have the following theorem.
Theorem 3.9. If u, v ∈ Eˆ , k ∈ R, then we have:
(1) [u + v]r = [u]r + [v]r , r ∈ (0, 1]; (2) [ku]r = k[u]r .
Now we turn to discuss the embedding problem of Eˆ . Suppose ‖ f ‖ = ∫ 10 | f (x)|dx , then it is well known that
(L(0, 1], ‖ ‖) is a Banach space, and (L(0, 1] × L(0, 1], ‖( , )‖) is also a Banach space, here ‖( , )‖ = max{‖ ‖, ‖ ‖}.
Theorem 3.10. For ∀u ∈ Eˆ , let j (u) = (uL(α), uR(α)), then j : Eˆ → L(0, 1] × L(0, 1] satisfies:
(a) For ∀u, v ∈ Eˆ , s > 0, t > 0, j (su + tv) = s j (u)+ t j (v);
(b) For ∀u, v ∈ Eˆ , d1(u, v) = ‖ j (u)− j (v)‖ holds, i.e., Eˆ can be embedded into L(0, 1]×L(0, 1] by j isometrically
and isomorphically.
Proof. (a) By Theorem 2.6, j has definition, and then by Theorem 3.9, we have [u + v]L(r) = uL(r)+ vL(r), [u +
v]R(r) = uR(r)+vR(r), r ∈ (0, 1] and (ku)L(r) = kuL(r), (ku)R(r) = kuR(r), k > 0. Thus we have for ∀u, v ∈ Eˆ ,
s > 0, t > 0,
j (su + tv) = ((su + tv)L(r), (su + tv)R(r))
= (suL(r)+ tvL(r), suR(r)+ tvR(r)) = s j (u)+ t j (v).
(b) For ∀u, v ∈ Eˆ we have
d1(u, v) = max
{∫ 1
0
|uL(α)− vL(α)|dα,
∫ 1
0
|uR(α)− vR(α)|dα
}
= max(‖uL(α)− vL(α)‖, ‖uR(α)− vR(α)‖) = ‖ j (u)− j (v)‖. 
Theorem 3.11.
j (Eˆ)− j (Eˆ) =
( ∞⋂
k=1
V
[
1
k
, 1
]⋂
L(0, 1]
⋂
C¯(0, 1]
)
×
( ∞⋂
k=1
V
[
1
k
, 1
]⋂
L(0, 1]
⋂
C¯(0, 1]
)
here V [ 1k , 1] is the set of all the bounded variation functions on [ 1k , 1], C¯(0, 1] is the set of all the functions which are
left continuous and have right limit on (0, 1].
Proof. For any bounded variation function f , there exist monotone increasing (decreasing) functions g, h
such that f = g − h, f and V 11
k
( f ) have the same left and right continuity at t, t ∈ ( 1k , 1). Since
for any f ∈ (⋂∞k=1 V [ 1k , 1]⋂ L(0, 1]⋂ C¯(0, 1]) × (⋂∞k=1 V [ 1k , 1]⋂ L(0, 1]⋂ C¯(0, 1]), there exist f1, f2 ∈
(
⋂∞
k=1 V [ 1k , 1]
⋂
L(0, 1]⋂ C¯(0, 1]) such that f = ( f1, f2), hence for fi (i = 1, 2), there exist nondecreasing
functions g1, h1 and nonincreasing functions g2, h2 such that f1 = g1 − h1, f2 = g2 − h2 and hold. Select constant
c such that g2(x) + c ≥ g1(x), h2(x) + c ≥ h1(x), and denote f2 = (g2 + c) − (h2 + c), by Theorem 2.6, we have
(g1, g2 + c), (h1, h2 + c) ∈ j (Eˆ) and f = (g1, g2 + c)− (h1, h2 + c), thus we have
j (Eˆ)− j (Eˆ) ⊇
( ∞⋂
k=1
V
[
1
k
, 1
]⋂
L(0, 1]
⋂
C¯(0, 1]
)
×
( ∞⋂
k=1
V
[
1
k
, 1
]⋂
L(0, 1]
⋂
C¯(0, 1]
)
.
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On the contrary, for any f ∈ j (Eˆ) − j (Eˆ), there exist g, h ∈ j (Eˆ) such that f = g − h. By Theorem 3.10,
there exist u, v ∈ Eˆ , such that g = (uL(r), uR(r)), h = (vL(r), vR(r)), hence f = (uL(r)− vL(r), uR(r)− vR(r)).
By the monotony and integrability of uL(r), vL(r), uR(r), vR(r) on (0, 1], we have uL(r)− vL(r), uR(r)− vR(r) ∈
(
⋂∞
k=1 V [ 1k , 1]
⋂
L(0, 1]⋂ C¯(0, 1]). Hence we have
j (Eˆ)− j (Eˆ) ⊆
( ∞⋂
k=1
V
[
1
k
, 1
]⋂
L(0, 1]
⋂
C¯(0, 1]
)
×
( ∞⋂
k=1
V
[
1
k
, 1
]⋂
L(0, 1]
⋂
C¯(0, 1]
)
. 
4. Conclusions
The purpose of this paper is to propose a reasonable extension of the existing fuzzy number space E1 by defining
the integrable noncompact fuzzy number. With a suitable metric, the integrable noncompact fuzzy number space Eˆ is
both complete and separable and can be embedded into a Banach space. This goodness of Eˆ will play an important
role in the further research of fuzzy analysis.
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